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Abstract 

For the solution q(t) = (q n (t))ne z to one-dimensional discrete Schrodinger equation 

iq n =-{q n +i + q n -i)+ V{9+ nijj)q n , n G Z, 

with u> £ K d Diophantine, and V a real-analytic function on T d , we consider the 

1 

growth rate of the diffusion norm ||g(t)||_D := (E n n 2 \q n (t)\ 2 ) 2 for any non-zero g(0) 
with ||qr(0)Hz? < oo. We prove that ||<z(i)||.D grows linearly with the time t for any 
0 € T d if V is sufficiently small. 
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1 Introduction and main results 


Consider the solution q(t) to one-dimensional discrete Schrodinger equation 


i 4n = ~(Qn+ i + Qn—i) + V{d + nu)q n , n e Z, 


( 1 . 1 ) 


with V : T d —>• R analytic in a complex neighbourhood of T d {z G < r < 1}, and 

w € Diophantine, i.e., there exist 7 > 0, r > d — 1, such that 


inf 

jez 


2 


- J7T 



Vfc e z d \ {o}. 


( 1 . 2 ) 


We want to observe the growth rate with t of the “diffusion norm” 


urn D ■■= 



provided that ( 7 ( 0 ) / 0 and ||(/( 0 )||£> < 00 . 

It is well known that the l 2 —norm J2nez \Qn{t )| 2 is conserved for Eq.(l.l)(see e.g., (2.5) 
of [4]). The initial condition ||g(0)||£> < 00 indicates the concentration on the lower modes 
at t = 0. The diffusion norm ||q , (t)||D measures the propagation into higher ones. For 
more description of the diffusion norm, refer to [4]. 

With the initial condition ||g(0)||c < 00 , we have ||<7(£)||d < 00 for any finite t. More 
precisely, we have the general ballistic upper bound(Lieb-Robinson bound[24]) 


Mt)\\D<\\qm\D + 2\\q(0)y(z)t, (1.3) 

if the corresponding linear self-adjoint Schrodinger operator is bounded. See also, e.g., 
Appendix B in [1] or Theorem 2.1 in [ 8 ] for the proof. 

Since we are considering the solution of the linear equation ( 1 . 1 ), it is necessary to 
study the spectral behavior of the linear Schrodinger operator H : i 2 (Z) —>• f 2 (Z), 


{Hq)n — i.Qn+1 T Qn—l) T PnQ'n) 77- G Z. 

In the case that H has only pure point spectrum, Simon[29] has shown “absence of ballistic 
motion”, i.e., 

lim f _ 1 ||< 7 (f)||£) = 0 with ( 7 ( 0 ) well — localized, 

t—> OO 

which gives a partial answer to the question of Joel Lebowitz asking if the ballistic motion 
did not have its roots in absolutely continuous spectrum. In particular, for the pure 
point spectrum, the phenomenon “dynamical localization”, which implies boundedness of 
||g(t)||D for the exponentially decaying initial data, has been well studied and has been 
proven in many models(refer to [9, 14, 15]). 

In contrast, the behaviour of solution is totally different in the case that the spectrum 
of H is purely absolutely continuous. As shown in RAGE Theorem[7], it is easy to get 
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the propagation which is related to the growth of ||(/(t)||D- Corresponding to the question 
of Joel Lebowitz, the appearance of “ballistic motion” for Eq (1.1) is quite possible in 
certain cases of absolutely continuous spectrum. A time-averaged statement by Guarneri- 
Combes-Last theorem[23] shows that, in the presence of absolutely continuous spectrum, 

liminfi f \\q[t)\\ D dt > C 
t-> °o 1 Jo 

for some positive constant C . Damanik-Lukic-Yessen[8] have recently shown the stronger 
version of ballistic motion(i.e., the above inequality without time-averaging) for the peri¬ 
odic Schrodinger equation, as the periodic Schrodinger operator is a well-known example of 
purely absolutely continuous spectrum. This is an extension of the work of Asch-Knauf[2] 
for Schrodinger operators. 

As for the quasi-periodic Schrodinger equation, the corresponding linear operator is 
H = H e :£ 2 (Z) ^£ 2 (Z), 

(H e q) n = - (q n +1 + q n -i) + V{0 + nu)q n , n € Z, 

with V and oj given as in (1.1). It is well known that the spectrum of Hg, which we 
shall denote by a(Hg) or simply cr(H), is a closed non-empty subset of the interval [—2 — 
\V\ r , 2 + |V| r ]. It will be shown that the spectrum is purely absolutely continuous when V 
is small enough(see Proposition 3 in Subsection 3.2). For this model, Kachkovskiy[21] has 
proven a time-averaged version of ballistic transport for a subsequence of times, provided 
that V is small enough. In particular, the same conclusion is shown if H has purely 
absolutely continuous spectrum with one Diophantine frequency. 

In this paper, for the quasi-periodic Schrodinger equation (1.1), a rigorous proof for 
the linear growth of the diffusion norm will be given, corresponding to a numerical result 
[19] for Harper’s model. 

Theorem 1 Consider the solution q(t) to Eq.(l.l). There exists an £* = £*( 7 , r, r), such 
that if |V| r = £0 < £*, then for any 8 € T d , there is a constant 0 < C < 3||c/(0)||£2( Z ) ; 
depending on e 0 , 8 and q(0), such that, for some numerical constant 0 < f < 1, 

liminft _1 ||g(t)||£) > C > , limsup 1 ||^(i)H zp < C c ■ 

1 + 4 1 - 4 

Idea of proof. The main strategy is to relate the linear growth of diffusion norm 
to the spectral transformation of the solution q(t). Roughly speaking, for g(E,t ) = 
J2 n Qn(t)ip n (E), with {if n (E)) n , E £ cj(H), a generalized eigenvector of H, we have that 
it satisfies i dtg(E,t) = Eg(E,t), then 

E dn(t)ME) = g(E , t) = e~ iEt g(E, 0). 

n 

So if if n (E) has nice differentiability and the derivative is well estimated, we can get 

X^n(f)V’nCE) = d E9 (E,t) ~ t. 
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If, with some suitable measure dp supported ou o(H), we have 





the linear growth of ||(j , (t)||.D is shown. 

The above process is realized by the “modified spectral transformation”, which is 
written with the same formulation as that of Coddington-Levinson[6] for the classical 
spectral transformation. The generalized eigenvectors, with the Bloch-wave structures, are 
constructed by the previous works of Eliasson[13] and Hadj Amor [16] for the reducibility of 
Schrodinger cocycle. By adding some smoothing factors to the generalized eigenvectors(in 
a small part of the spectrum), the differentiability is improved. Moreover, the classical 
spectral measure, which was introduced by the m— functions, is replaced by some suitable 
measure according to the transversality of the rotation number of Schrodinger cocycle. In 
this way, the L 2 —norm of the derivative (w.r.t. E ) of the modified spectral transformation 
is close to the diffusion norm. 


2 Preliminaries and notations 

2.1 Schrodinger operator and Schrodinger cocycle 

In this subsection, we recall some basic notions and well-known results for the quasi- 
periodic Schrodinger operator H = Hg : f 2 (Z) —>• f 2 (Z), 

(Hq) n = ~(q n + 1 + q n - 1 ) + V(6 + nu)q n , n € Z, 

with V and u given as in (1.1), and the corresponding Schrodinger cocycle (uj,Aq + To): 

{ Qn+1 ) = (ME) + F 0 (9 + nu)) ( Qn V (2.1) 

V Qn ) \ qn -1 J 

with A 0 (E) := f q ^ and F o(0) := ^ |j j. Note that (cu,A 0 + F 0 ) is 

equivalent to the eigenvalue problem Hq = Eq. 

2.1.1 Spectral measure and integrated density of states 

Fixing any phase 6 G T d and any € f 2 (Z), let pg = be the spectral measure of 
H = Hq corresponding to i/j, which is defined so that 

((He - E)MM = VE€C\a(H). 

From now on, we restrict our consideration to pg = ne, e -i + l^e,e 0 an d just call it the 
spectral measure, where (e n } ng z is the canonical basis of f 2 (Z). Since {e_i, eo} forms a 
generating basis of t 2 (Z)[5], that is, there is no proper subset of f 2 (Z) which is invariant by 
H and contains {e_i,eo}. In particular the support of pg is cr(H) and if fig is absolutely 
continuous then any fig^ , -0 € t 2 (Z), is absolutely continuous. 
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The integrated density of states is the function k : R —>• [0,1] such that 

k(E) = I no(— oo, E] dd, 

Jt 1 

which is a continuous non-decreasing surjective function. 

2.1.2 Rotation number and Lyapunov exponent 

Related to the Schrodinger cocycle (w, Aq + Fo), a unique representation can be given 
for the rotation number p = P(oj.. 4 0 +F 0 ) • Indeed, the rotation number is dehned for more 
general quasi-periodic cocycles. It is introduced originally by Herman[18] in this discrete 
case(see also Delyon-Souillard[12], Johnson-Moser[20], Krikorian[22]). For the precise def¬ 
inition, we follow the same presentation as in [16]. 

Given A : T d SL( 2,R) continuous with A{6) = f d(0) 1 ’ we ^ e ^ ne th e ma P 


T, 


,, 1 
T“ x -T 


T d x -T 


1 


(“’ A) ' 2 2 

( 0 , 99 ) (9 + UJ, <f>( u ,A)(.Q,<P)) 

where := R/irZ and A)(@i <p) = arctan ( C }(oyyb(o) tan % ) ■ Assume that A(9) is homo¬ 
topic to the identity, then the same is true for the map T)and therefore it admits a 
continuous lift 

T( Wj A y. T d x I —» T d xM 

(6,(p) H- (6> + w, 4>(uj,A)(0,^)) 
such that 4>( Uj a) {@1 V 7 ) mod n = A )(0, V 7 mod 7 r). The function 

(0,<p) ^ 

is (27r) rf —periodic in 9 and 7r—periodic in p. We define now p(4>( u ,A)) by 

p{(t>{u,A)) = limsup -fa o f^ A ){0, <p)-<p)€ R, 

where p2(9 , p) = ip. This limit exists for all 9 £ T rf , ip € R, and the convergence is uniform 
in (#,y?)(For the existence of this limit and its properties we can refer to [18]). The class 
of number p(4>y jA )) in |T, which is independent of the chosen lift, is called the rotation 
number of the skew-product system 

(a;, A) : T d xR 2 ->• T d x R 2 

{9, y) H- {0 + u, A(9)y) 

and we denote it by Py tA )- For more elementary properties, refer to Appendix of [16]. 


For the quasi-periodic cocycle 


Qn +1 


= A(9 + noj) 


q n 


with A : T d t-A 


Qn J \ Qn— 1 / 

5L(2,R) continuous and u = (ui, ■ ■ ■ ,cVd) € R d rationally independent, the Lyapunov 
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exponent L = is defined by 

L<u) A) '■= lim — / In \A(Q + noj) ■ ■ ■ A(0 + w)| dd. 

v ’ ' n—>oo n J jd 

By Kingman’s subadditive ergodic theorem, 

Liu, a) '■= lim —hi\A(6 + nuj)---A(9 + oj)\. 

K ’ ’ n—>-oo 77, 

In particular, for quasi-periodic Schrodinger cocycle (uj, Aq + Fq) given in (2.1), a well- 
known result of Kotani theory shows, if the linear Schrodinger operator H has purely 
absolutely continuous spectrum, then L(E) = 0 a.e. on Moreover, the Thouless 

formula relates the Lyapunov exponent to the integrated density of states: 

L(E) = L [UtAo+Fo) (E ) = [ In | E' - E\ dk(E’). 

JR 

There is also a relation between the rotation number and the integrated density of states: 

f 0, E < inf <j(H) 

k(E) = < inf <j(H) < E < sup<r(iL) • 

[ 1, E > sup <j(H) 

By the gap-labelling theorem(see, e.g., [12, 20]), k(E) = is constant in a gap of 
a(H)( i.e., an interval on R in the resolvent set of H ), and each gap is labelled with l £ Z d 
such that p = mod 7r in this gap. 


2.1.3 The m —functions 


The spectral measure p = p,g can be studied through its Borel transform M = Mg: 

M (z)= 

It maps the upper-half plane H := {z £ C : > 0} into itself. 

From the limit-point theory, for z £ H, there are two solutions , with u ^ 7 ^ 0, which 

are £ 2 at ±00 and satisfying Hu ± = zu ± , dehned up to normalization. Let m ± := — 

u o 

m + and m~ are Herglotz functions, i.e., they map H holomorphically into itself(see, e.g., 
[28] for more properties of Herglotz function). Moreover, it is well known that 


M = 


m + m — 1 
m + + m~ 


By the property of Herglotz function, we know that for almost every E £ R, the non- 
tangential limits lim e _*.o m±(E + ie) exist, and they define measurable functions on R 
which we still denote m±(E). 

We have the following key result of Kotani Theory [28]. 

Lemma 2.1 (Theorem 2.2 of [3]) For every 9, for a.e. E such that L(E) = 0, we have 
m + (E) = m~(E). 
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2.1.4 Classical spectral transformation 

Let u(E) and v(E) be the solutions of the eigenvalue problem Hq = Eq such that 

( Ul Vl ) = ( I ° V We have 
\u 0 v 0 j y o 1 j 

Theorem 2 (Chapter 9 of [6]) There exists a non-decreasing Hermitian matrix g = 
(hjk)j,k= 1,2 whose elements are of bounded variation on every finite interval on R, satis¬ 
fying 

\ rE2 

gjk(E 2 ) - iXjk(Ei) = lim - / QM jk (iy + ie)du : 
at points of continuity E\, E 2 of gj k , where on H, 

M = ( Mu Ml2 ^ :=--- ( 1 

y M 2 1 M 2 2 J m+ + m~ y —m 

such that for any q € £ 2 (Z), with (gi(E), g 2 (E)) := (J2nezQnU n (E),J2 nez q n v n (E)), we 
have Parseval’s equality 



r 2 

El^! 2 = / E 9 j(E)g k (E)dg jk (E). 

nez Jr j,k =1 


Given any matrix of measures on Md(^ = 


d<pu dtp 12 
dp 21 dp 22 

vectors G = (gj)j=i, 2 , with gj functions of E £ R satisfying 


|, let C 2 (dp) be the space of 


2 r 

\\ G \\ 2 c 2 {dy) := E / 9j 9k dp jk < oo. 

• i i K 


( 2 . 2 ) 




In view of Theorem 2, the map (q n )ne z >->• 


defines a unitary transfor- 


XmGZ InUn(E) 

EnezQnVn(E) 

rnation between £ 2 (Z) and C 2 (dg). We call it as the classical spectral transformation. 

By Chapter V of [26] (Page 297), we know that the matrix of measures (dpj k )j,k=i ;2 is 
Hermitian-positive, and therefore each dgj k is absolutely continuous with respect to the 
measure dg n + dg 22 . This measure is absolutely continuous with respect to the above 
spectral measure go = go,e- 1 + To,e 0 and it determines the spectral type of the operator. 
In particular, if the spectrum of H is purely absolutely continuous, we have, for any 
q £ f 2 (Z)\{0}, the classical spectral transformation is supported on a subset of <r(H) with 
positive Lebesgue measure. 


For the classical spectral transformation, there are some singularities with respect 
to E. More precisely, u n and v n are not well differentiated somewhere in the spectrum 
c t(H ). For example, for the free Schrodinger operator ( Hq) n = — (q n +\ + q n - 1 ), we have 
c(H) = [—2, 2] and for E £ cr(H) the rotation number is 

f 0 (E) = P( WiAo )(E) = cos -1 € [0,vr]. 
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Since — F = 2cos£g, we can see that the two generalized eigenvectors 


satisfy 


u 1 V\ 
u 0 v 0 


sinnfo sin(n — l)£o 

= . t , v n =-—- 

sm£o smfo 


(2.3) 



and, on (—2,2), £g = 2si * ^ . Differentiating u n , we have 


u„ = 


1 (n cos ro£o sin o • cos £o 


2 sin £g V sin£ 0 


sin 2 £ 0 


The singularity comes when £g approaches 0 and n. 


2.2 Regularity in the sense of Whitney 

Given a closed subset S of R. We give a precise definition of C 1 in the sense of Whitney, 
corresponding to a more general definition in [27]. 

Definition 2.1 Given two functions To, T\ : S —>• C(or SL(2, C)) with some 0 < M < oo, 
such that 

|F 0 (x)|, |Fi(x)| < M, \F 0 (x) - F 0 (y) - F 1 (y)(x - y)\ < M\x - y\, Vx,y£S. (2.4) 

We say that To is C 1 in the sense of Whitney on S, denoted by To € C\ V {S), with the 
first order derivative T\. The C\y(S)—norm of To is defined as 

l^o leys) : = infM - 

Remark 2.1 By Whitney’s extension theorem[30], we can find an extension F : R —>• C, 
which is C 1 on R in the natural sense, such that FIs = Fo and F'ls = F\. 

2.3 Notations 

1) With l o the Diophantine vector as above, we denote ( k ) := mod it for any k € Z d , 
and | • | over ( k), p— (k ), etc. is always modulated into [0, as in (1.2). 

2) For any subset S C R, let (|(5) denote its cardinality of set, dS be the set of its endpoints, 
|S| be its Lebesgue measure, S be its closure, and p(S ) be its image by p = P^^Aq+Fq)- 

• Given any function F on S x (2T)‘ i , possibly matrix-valued, let 

I-F|s,( 2 tW := sup sup |F(F,(9)|. 

EeSd£( 2T) d 

If F is C]y on S, then we define |F| c i r(s)i(2T) d := sup 0e(2T)d |F(-, 0)| c i, ( S)- 

• If F is left and right continuous on F, then F(F±) := lim e _*.o+ F(E ± e). On the 
interval (E \, F 2 ) C R, if F is left and right continuous on E\ and F 2 , then 

F\ [Ei ,e 2 ] = F\( Ei ,e 2 ) ■= F(yE‘2 ) - F(F 1+ ), F\f_ := F(F 2 +) - F(E 1 -). 



3) For the quantities depending on E € R, we do not always present this dependence 
explicitly and we simplify the notation ‘Be” into d, which denotes the derivative in the 
sense of Whitney on a certain subset of R. 

f 1, n-A = n 

4) For any n£Z, «a varies among n and n ± 1, and nA := < 

( 0 , riA T n 

3 Reducibility of Schrodinger cocycle and its applications 

Based on the general notions for Schrodinger operator and Schrodinger cocycle given 
in the previous section, we present some further spectral properties, under the assumption 
that the potential function V is sufficiently small. 


3.1 KAM scheme for the reducibility 

In this subsection, we review the KAM theory of Eliasson[13] and Hadj Amor[16] for 
the reducibility of Schrodinger cocycle. This work relates the reducibility and the rotation 
number p = P( w . , 4 0 +F 0 ) globally, and it improves the previous works of Dinaburg-Sinai[ll] 
and Moser-Poschel[25]. 

With £q = |K| r , <7 = 20 (j, define the sequences as in [16]: 

£ j+ i=e) +a , Nj = 4P +1 a\\n£j\, j> 0. 

Proposition 1 There exists £* = £*(7, r, r) such that if |V| r = £0 < £*, then there is a 
full-measure subset E = L)j>oT,j ofa(H) with {Eq}i mutually disjoint Borel sets, satisfying 

\p(Z j+1 )\<\ln£ 0 \( j+ V 3d £°, j > 0, 


such that the following statements hold. 


(1) The Schrodinger cocycle (to, Aq + Fq) is reducible on E. More precisely, there exist 
j B : E —>• 5L(2,R) with eigenvalues e ±lp 

\ Z : E x (2T) d 


such that 


SL( 2, R) analytic on (2T) rf 
Z(e + u)- 1 (A 0 + F 0 (9))Z(e) = B on E. 


(2) For every j > 0, there is kj : E —>• lA, such that 


- \k\-Sj = 0 if l > j, 

- 0 < \kj\ < Nj on Ej +1 and 0 < \p - T,i>o(k)\i: j+1 < 2e j- 


(3) B and Z are C\y on So, and, with £ := p — J2j>o(kj)> s > 2, sin s+2 ^ • B and 
sin s+2 £ • Z are C\ v on each S J+ i, j > 0. Moreover, 


I \ Z ~ ^-lc^(So),(2T) d > 

I I sinS+2l/ C • ^lcjJ r (E i+1 ),(2T)<b 


B - A)lcySo) < £ 0 
sin s + 2 3 ^ ■ B\ c ^ (Ej+l) 


2(7 

< e/ , 


v = 0,1 


(3.1) 
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Remark 3.1 The conclusion of Eliasson is originally stated as: the cocycle (w, A 0 + Fq) 
is reducible if the rotation number p is Diophantine or rational with respect to j. Here, 

“rational w.r.t. %” means p = ( k) for some k G Z d . By the gap-labelling theorem, this 
case corresponds to the energies in R\ cr(H), where the uniform hyperbolicity implies the 
reducibility. In contrast, “Diophantine w.r.t. j” means there exist 7 , r > 0 such that 
\p — (l}\ > jjjr for any l G Z d \ {0}. This corresponds to the energies in a full-measure 
subset of cr(H). 

Remark 3.2 We can call T,j the j th —level resonance set. Associated with the above 
Diophantine condition, if, ina(H), the rotation number p is well separated from {{l)}i eZ d\^ 0 y, 
it is the idealest case for applying the KAM scheme. 

• On So, there is no resonance for the rotation number p, so the standard KAM 
iteration is always applicable. So is exactly the positive-measure subset of parameters 
for reducibility in the result of Dinaburg-Sinaifll]. 

• On S j + i, j > 0, there is always a vector k G Z d with 0 < \k\ < Nj + i, which 
appears as k = Y%=o such that 0 < \p — (k) |s j+ i < 2ej. But the resonance stops 
exactly at the j th —KAM step. We could also apply the standard KAM on these 
subsets from the (j + l) th — step, because we coidd renormalize p into f := p— (k) (the 
renormalization is done step by step), which is well separated from {(0}zez d \{o}- Note 
that the “renormalized rotation number” f is close to 0 on Sj + i and it vanishes on 
the gap of spectrum where p = (k). So it can serve as a “smoothing factor” on Sj + i. 

Because of the difference between the procedures on So and Sj + i, the transformation Z 
and the reduced matrix B possess different properties. In particular, on S J+1 , there are 
singularities like ~ sin ~ 1 f(and ~ sin” 3 £ after the derivation) for Z and B. Then, by 
multiplying sin s £, s > 4 the regularity is well improved as in (3.1). Indeed, to get the 
C(y regularity, sin 3 ( is enough, and the 4 th power makes the norms small. For better 
regularity, higher power of sin f is needed. 

Remark 3.3 It has been shown in [13] and [16] that, for any E G a(H), the Schrodinger 
cocycle (u,Aq + Fq) is almost reducible, i.e., we can transform it arbitrarily close to a 
constant cocycle by a sequence of conjugations, without verifying the convergence of this 
sequence. On S j, j > 0, since the resonance stops at exactly the j th —step and afterwards 
the conjugations are all close to identity, the convergence of sequence of conjugations is 
shown. Hence, in particular, reducibility holds for a.e. Eg g{H). 

From now on, we always assume that \V\ r = £0 is small enough such that it is com¬ 
patible with every simple calculation in this paper, e.g., ej < | in (3.6). 

We present the proof of the arguments (1) and (2) here, and leave the proof of (3) in 
Appendix A.2. 

Proof of Proposition 1(1) and (2): The proof is written in the following two parts. 
Some details, which is useful for proving (3) but maybe not directly related to (1) and ( 2 ), 
are also given in this proof. 

Part 1. KAM scheme for the reducibility of Schrodinger cocycle (w, Aq + Fq) 
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1) The first step 

At the initial state A 0 + F 0 := A 0 + F 0 , we have 


A 0 = 


-E -1 

1 0 


= C 


A 0 


s iao 


0 


0 


= —iao 


c 


-1 

A 0 ’ 


l^oI t-* < £o, ^ = 0,1,2, 


where C A is the matrix of normalized eigenvectors of Aq. The constant cocycle (u>,Aq) 
corresponds to the free Schrodinger eigenvalue problem —(q n + 1 + q n - 1 ) = Eq n , and its 
rotation number on [inf a(H), sup <r] is given by 


0, 


Co — — 

Co is non-decreasing on R and 

<9Co = 


cos 

7r 

1 


1 B) • 


inf a(H) < E < -2 

-2<E<2 

2 < E < sup a(H) 


1 


on (-2,2). 


(3.2) 


(3.3) 


V4 - E 2 2 sin Co 

So E = ±2 are the only two singularities of Co- It is direct to see that SCo > ^ on (—2, 2). 

The first step is to transform Ao + Fo($) into Ai + Fi(9) with \d u Fi\ T d < £\, v = 0,1, 2, 
and the property of A± similar to that of Aq. As shown in Proposition 2 of [16], to carry 
out the standard KAM step, we need the small divisor condition 

£n 


|Co -(&)!> 


V0 < \k\ < N 0 . 


(3.4) 


Related to this condition, there are two cases about the construction of the transformation. 
• Case 1. For some 0 < |fco| < No, the condition (3.4) does not hold, i.e., 

ce o 


ICo - (k 0 )\ < 


l*d| T ’ 


(3.5) 


with some numerical constant \ < c < 1. By the Diophantine property of a;, for one 
Co, there is at most one such ko € Z d with 0 < |fco| < Nq. (3.5) defines an interval 
Z(ko) C (—2,2) of E. On Z/k 0 ), a renormalization is necessary before the standard 
KAM procedure. More precisely, let 


By a direct computation, we have 


: <fc 0 ,9) 
e 2 


0 

: (fcp.9) 

n O 


C 


-1 

Aq 


A{k 0 ) ■ k 0 ,Ao 


(9 + u)- 1 A 0 H koAo (d) = C Ao 


e i(ao-(fco>) q 

0 e -i(ao-(fco» 


c 


-1 

do' 


In view of Proposition 3 of [16], we can see 

l«0 - <*»>) - Ml > rA - > 


7 


\k\ T \k\ T ~ 2\k\ T ’ 


V0 < |fc| < JV 0 , 


(3.6) 


and F {ko) (9) := H koAg (9 + u) F 0 {6) H koAg {9) is still bounded by e 0 . 
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• Case 2. If the condition (3.4) holds, let k$ = 0 and the above procedure can be done 
trivially since H ko Ao = Id., = A 0 , F( ko ) = F 0 and (3.4) implies (3.6). 

In both of the above cases, we can make a standard KAM procedure for A^ +KX.A0) 
since the small divisor condition (3.6) is always satisfied. According to Proposition 6 of 
[16], there exist 

Zi : (2T) d -> SL(2,R), AiG5L(2,K), T) : T d -> gl{2, R), 

such that Z\[6 + w) 1 ^Ao + Fo(^)) Z\(9) = A\ + F\ (6). The appearance of the inter¬ 
vals T( fco }, 0 < |Aft| < No, divides [infsupcr(-ff)] into at most |lne 0 | 2d connected 
components. Z\, A\ and F\ are C 2 on each connected component, with, for u = 0,1, 2, 

\dAZi-H ko Ao )\ (2T)d <el im-%,>)!< 4, FA| Td <£i. 

_ I 

Moreover, A\ has two eigenvalues e ±1Ql with 6 := Ha i satisfying |6 — (6 — (A’o))| < £q 

and |6| < |eo on x {k 0 ), A 0- 

Since on each |6 — (ko)\ < and 6 is strictly increasing on (—2,2), there 

is E * G F(k 0 ) such that 6(£*) = (fa)- So |trA{ fco> (E , *)l = 2| cos (£o(E*) - (A 0 ))| = 2. 
As shown in [13], after the standard KAM procedure which transforms A/ ko ^ + Ffa) to 
Ai + F\, there maybe one subinterval X C X^{a neighbourhood of E*), on which we have 
|trAi| > 2. Then on X, 6 = 0. But on I(k 0 ) \X, similar to the case of Corollary 6 of [13], 
<96 > as the transversality of 6- Now, as a piecewise non-decreasing function, 6 has 
the additional singularities at the edge of the interval X’s. 


2) The (j + l) th —step 

Assume that we have arrived at Aj + Fj(0), both of which are piecewise C 2 with respect 
to E on [inf a(H), supcr(i?)], with Aj G SL( 2,R), Fj : T d —> gl{ 2,R) satisfying 


^ = c. 


C A ., \d u Fj\ {2T) d <£j, v = 0,1, 2 . 


6 := Ha.j is non-decreasing on each connected component where Aj and Fj are C 2 . 

As in the first step, each connected component can be divided into at most | In £j \ 2,1 
smaller components because of the appearance of intervals Xn. ,\, 0 < \kj\ < Nj, on which 
we have the resonances condition 

C£ g - 

( k .j)\ < JJT7- (3-7) 

As shown above, we can define, on Z{kj)> 

:= C Aj ( 

V 0 e 
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and, by a direct computation, we get 


A (t.) ■ H A <e + w)- 1 Aj H A W) = C A 


gi 0 

0 e -i (“j—< fc i» 


C 


-l 


(3.8) 


Outside Xp..p, we take kj = 0, and then H k ^ = Id. and ^4^} = Ap 
With a similar procedure as above, we can find 

Zj+i : (2T) d -> SL(2,R), G 5L(2, R), F i+ i : T d -> gl(2, R), 

such that Zj + 1(9 + w) 1 (A,- + Fj(6)J Zj + i(6) = Aj+i + Fj + i(9) with, for v = 0,1, 2, 

(Xj+1 — ^kj, Aj)\(2T) d < > 1^ (Aj+i —-A^.))| < £ J > 1^ Xj'+iIt 1 * — fo + 1- (3-9) 

t4j + i has two eigenvalues e ±1Q J +1 with £j + i := Jidj+i satisfying 

|e j+ i-(0-(%))|<e}. (3.10) 


Note that £j + 1 is a piecewise non-decreasing function of iX On every interval X( kj ), kj / 0, 
we have |^j+i| < |ej, and there is a subinterval X C X^ on which £j + i = 0, and on 
X( fc ,> \X, 

At this moment, [inf cr(H), sup cr(H)\ is divided into 


ft I Inez| 2d = | lne 0 | 2(j+1)d f[(l + cr) 2ld < (1 + a)^ d \ lne 0 \ 2 ^ d < —| ln £o | (j '+ 1)3d 
i=o i=o 10 

(3-11) 

connected components, on which Aj+ 1 and Fj+i are C 2 . From the construction, we can 
see that each component is labelled with {ki}o<i<j, \ki\ < Ni. Let Zj + \ := n?=y Zz+i- In 
view of Proposition 3 of [16] and a direct computation with (3.9), we estimate Aj + \ and 
Zj + 1 essentially in two cases. 

• On the component, with ki = 0 for any 0 < l < j, we have 

\d"(Z j+1 -Id)\ {2T)d <4, \d u (A j+1 -A 0 )\ <e|, ^ = 0,1,2. (3.12) 


• On the component, where there exists 0 < l < j such that ki ^ 0 and kj/ = 0 for any 
l < V < j, we have 

^ _ £_ _ _ G_ 

\F‘j+l\(2f)d < £i 6 , 1 9Zjj r \|( 2 Tp < £ l 3 1 

|A i+ i|<5, |aA i+ i| <iv^, 

Let p j+ 1 := ^ + i + Ei= 0 ( fc /)- % Lemma 4 of [16], for p = p^Aq+Fo), we have 
1 

|pj_l_i — p| R < £j. Moreover, by (3.10) and the resonance condition (3.7), we have 

£ ; (1+§) < p(X {k]) ) < 10eJ. (3.14) 


|(9 2 Xj-|-i|(2T)d < £/ 2 , 

|c) 2 i i+1 | < e” f . 
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3) The limit state 


As the iteration continues, we can finally get a sequence {kj}j> o- It is shown in Lemma 
4 of [16] that, for a.e. E E a(H), kj / 0 only for finite f s. So we define the sets 

So := {E G cr(H) : ki = 0 for any l > 0}, 

Sj + i := {E € a(H) : kj / 0 and ki = 0 for l > j + 1}, j > 0, 

with | a(H) \ U ; ->o^il = 0- Obviously, S J+] is contained in the union of intervals Z(k :j ) 

obtained at the j th —step according to the resonance condition. So, by (3.11) and (3.14), 
\p (Sj_|_i) | < | lneo| < ' J+1 ^ d ej- Moreover, on Sj + i, 


p- 

< 

Pj+ 1 - 

- £<*>> 

+ \p — Pj +il — lO+i 1 + P — Pi+i| < 2 ej 

i> 0 



l>0 



Combining with the gap-labelling theorem, (2) is shown. 

On S = Uj> 0 Sj, (3.9) implies the convergence of Zj + \ = \]d=j dZj+i and 

Aj + 1 , dAj + \ as j -+ oo. Hence, for a.e. E E cr(iL), we can define Z := Zj and 

B = linij^oo Aj € <SL(2,IR), such that 

Z{6 + nw) -1 (i 0 + F o (0)) Z(0) = B. (3.15) 


This is exactly the reducibility obtained by the KAM scheme in [13] and [16]. 

In addition, we define Z := lirn^oo dZj + \ and B := lim^oo dAj+\. By (3.12), (3.13) 
and the definition of resonance sets £j, we get 


|Z — Id. |s 0 ,(2T) d < 5 l^ls 0 ,(2T) d ^ 2eg , 


\B - A 0 \x o < 2e$, \B - 3A 0 | So < 2e^ 


l-^ls J+ i,( 2 T) d ^ 2^- 6 , l^lsj + i,( 2 T) d ^ 2e^ 3 , |H|s j+1 < 6, 


\B\z j+1 < 2 Nf T 


(3.16) 


Part 2. An additional transformation 


On S = Uj>o£j, the eigenvalues of B = ^ 
satisfying £ = p- Ej>o(0)- Let 

hw) . = c J e *vBkY. j > 0 {k i ,m 


B\\ B 12 
-B 21 B 22 


is 


e ±1? with £ = lirn^oo & 


exp{d^ / >o(/oTl)} ,T" ’ 


with the matrix of normalized eigenvectors of B. Then, with Z := Z ■ H and B := 


C 


e ip 0 


C - 1 , it is easy to see that 


B 


0 e“V / B 


Z(0 + w) B Z^(0) = Z{0 + u) B Z(8)~ l . 


-1 


14 



So (1) is shown. Noting that Cg is just a normalization of 
a direct computation, we get, on S, 


£>12 B 12 

- B u e“* - B n 


by 


H{6) = 


B = 


sm ■ 




sin£ 


£>n b V 2 
B 2 \ —B u 


+ 


sin £ — 


£,-> 


Sill /9 

sin£ 


Bn B\ 2 
B 2 i —-Bn 


+ 


1 


sin£ 


sin£ 

- sin (p - £) 

0 


Id., 


0 


sin(p + £) 


In particular, on So, H = Id., B = B and hence Z = Z. Recalling that 0 < |£| 
Sj + i, we have, by (3.16), 


(3.18) 

(3.19) 
< 2eJ on 


! \Z — Id. | So , (2T) d ! 

| sin 2 £ • 2'ls i+ i,(2T) d ) 


B-Ao\x 0 < 2 4 

sin 2 £ • R|s J+1 < NjeJ 


(3.20) 


Remark 3.4 (about the additional transformaion H ) For the constant matrix B in 
(3.15), its eigenvalues are on S, with £ the renormalized rotation number. Accord¬ 
ing to the construction of £y ; it is piecewise non-decreasing and it is not uniquely deter¬ 
mined (depending on the choice of coefficient c in the resonance condition (3.7)). To apply 
the regularity (see Proposition 5 in Subsection 3.3) and the uniqueness of the “real v rota¬ 
tion number p = p^^Ao+Fo)’ we nee -d 1° conjugate B to B which has eigenvalues e ±ip . As 
shown in (3.18) and (3.19), this additional procedure brings us the singidarities ” 

on Sj_|_i ; j > 1, where £ is close to zero. Hence, on Sj+i, we need a smoothing factor 
sin 2 £ to cover the singidarities and get better control on Z and B, as shown in (3.20). 


Given M € Z\{0}, with J = J(M) := min jj € N : \M\ < £■ j, an approximation for 
the reducibility of quasi-periodic Schrodinger cocycle ( ui, Aq + Fq) can be stated in the fol¬ 
lowing way, which will be contributed to computing an integral on [inf cr(i£), sup a(H)]( see 
Subsection 4.1). 

Proposition 2 Let |Vj r = £q < £* be as in Proposition 1. There is 

J +1 

r (M) = |j rj M) C [inf a(H), sup <r(H)], 
j =o 


with {Tj M }j=o mutually disjoint and T,j C Tj , satisfying 

S([iiifu(R),su Pf 7(R)]\r( M )) < |ln £o | (J+1)3d , \ p (^+ i )\< |ln£ 0 |°' +1)3 S a , ( 3 - 21 ) 

( A ( M ) ; —»• SL(2, R) with two eigenvalues e ±ia(M) 

and , , , such that the following 

\ : r( M ) x (2T) d -> SL( 2,R) analytic on (2T) d 

statements hold. 

(SI) — p\ r (M) < £j and for 0 < j < J, there is k —»• Z d , constant on 

each connected component of T^ M \ such that 
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1. \k ( i M) \ r ( M ) = 0 if l > j, 

3 

2. 0 < \k^ M) \ < Nj on rgj and \- E; J =o(^ (M) )l r (M) < §ej, 0 < j < J. 

(52) Let £ (M) := ^ M ) - £f =0 (A;£ M) ). 

• On rJ-55, 0 < j < J, in each connected component, there is one and only one 
subinterval X such that £( M ) = 0 on X, and outside X, sin£( M ) / 0 with 

I < d£ (M) < JVf'Isin^r 1 , |3 2 £ (M) | < AT| T |sin^ M )r 3 . (3.22) 

o 

• On r{, M) ; if smf (M ) / 0, we have d 1 

(53) | Z {M) - Z \ Soi (2T )d, |^4 (M) - R|s 0 < ej, and for 0 <j<J, 

| sin£ (M) Z [AI) - sin£Z| Sj . +1)(2T)d , | sin£ (M) A {M) - sm£B\x j+1 < ej, 

and for v = 0,1,2, 

|^( Z (M) _ M) | r{M) |^ (j 4 (M) _ 4,)| r(M) < e | 

" "I • (3-23) 

Wz {M \ [2T)d , \d u A^\ < sinl + 2 ^(M) on r 5+i } */ sin ^ (A/) ± 0 

(54) {E € <9r( M ) : Mp(E) £ nZ} C dr^i- -For any connected component (F*,F**) of 
we have 


P\ 


(E* ,.£/**) 


<*j 


°'( 1 +§) 3er(l+<x) 


^ X** — E * ^ £ 


<T ( 1 +§) 

J 


Moreover, kj M \E * ) = kj M \Ef*), 0 < j < J, and there is 0 < j* < J such that E *, 
E ** G dY^\ with 


< 


(Z^ - Id.) \ £ 

si n 4 ^W XW 


(2T) d 

(2T) 


d 


(A^-A 0 )\ e 

sin 4 ^ M )A( M ) 


1 

< ^-(F** - X 1 *), j* = o 

2cr 
£ 3 

< -^±(f** - £*), j* > i 

(3.24) 


Remark 3.5 (about construction of transformations) Z^ M \ yf( M ) in Proposition 2 
are constructed by KAM iteration as in the above proof. They are just the above Zj + \ and 
Aj + \, up to a renomalization which translates fj + ±(i.e., fAPj f 0 p J+1 (i. e ., IRaAPj. As 

1 Indeed, the only possibility that sin^^ 4 = 0 on To is on the intervals containing inf cr{H) and sup cj(H), 
as £o given in (3.2). 
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mentioned in Remark 3-4, the construction of transformations { Zj + i } is not uniquely 
determined in view of the above proof (depending on the coefficient c in the resonance 
condition (3.7)). In particular, as shown in (S4), for any given non-zero integer M, we 
can choose delicately the coefficient c, hence the endpoints of the “resonance intervals” 
a t the initial several steps, such that Mp G 7rZ on these endpoints (since £j < t^t < 
e°j_ 1; if J > 1, p(Zp..j) is adjustable within this range when j < J). 

Remark 3.6 (about construction of resonance sets) The mutually disjoint subsets 
{rJ M) } 0 <j<j+i given in Proposition 2 cover [inf a(H), super (H)] up to finite points. They 
divide the energies according to the extent of resonances. As the iteration continues un¬ 
til the limit state, we can get the sequence of mutually disjointed subset {£j}j>o after 
excluding every gap in the spectrum. 

Remark 3.7 (about the “external variation”) In (S4), we describe the size of the 
interval = (E*,E**) obtained in the J th —step. Besides the internal variation(the 

variation between Ef and E^), which is guaranteed by the C 2 property, the variation at 
the outer bounds ofTg,^, as shown in (3.24), a ^ so needed for considering an integral on 
[inf a(H), sup <r(H)\ in Subsection 4-1. The outer bounds ofli^j) correspond to the non¬ 
resonance case, and one step before, they are both contained in one connected component, 
so the external variation can be obtained by the C 2 property in the previous step. Here 
the subscript j* represents the step when the last resonance and renormalization occurs (in 
particular, j* = 0 means is no resonance before the (J + l) th — step). 

We shall give a proof of Proposition 2 in Appendix A.l. 

3.2 Application 1: absolutely continuous spectrum 

Eliasson[13] has shown the purely absolutely continuous spectrum for the continuous 
Schrodinger operator, based on the analysis on the corresponding Schrodinger cocycle. 
But for the discrete operator, the purely absolutely continuous spectrum has not yet been 
explicitly proven. In this subsection, a proof will be given based on some important 
estimates in [16]. 

Proposition 3 With \V\ r = £o < £* as in Proposition 1, we have, for any 6 G T d , the 
spectrum of H is purely absolutely continuous. 

We are going to prove the purely absolute continuity of the spectral measure no = gff- 1 + 
pff given in Subsection 2.1. The main idea is the same with [3](see Subsection 3.8 of [3]), 
which shows the absolutely continuous spectrum in one-frequency case. 

Given n G Z+, let A n (E,0) := IIy = n-i(^o(^) + Fq{Q + J w )). We call that (uj, Ao + To) 
is bounded if sup n€Z \A n (E, -)|(2T) d < °°j an d let B be the set of E G a(H ) such that 
(oj, Ao -(- Fq) is bounded. 

Recalling the iteration process given in the previous proof, for any E G £ = Uj>o£j, 
any l > 1, we have 

Z r . (2T) d ^ SL(2,R), A t G 5X(2,R), Fi : (2T) d —► gl(2, R), 
such that Ao + i ? o(^) = ZfO+oj) (^Ai + FfO)^j Zfd)^ 1 with |_Fj| T d < £i and |^/|(2T) d ^ £ i~i- 
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Lemma 3.1 For given E £ T,j, j > 1, sup 0<n<e7 4<r \A n \^T)d. < £ j 2 i ^ +a) . 

Proof: For E £ Ej, j > 1, we know A,- has eigenvalues with |^ | > -ZL- (note that 

the state A,- + Fj means before the renormalization at the (j + l) th —step, so £j is close 
to some (kj), 0 < \kj\ < Nj). With . the matrix of normalized eigenvectors of Aj, we 
have | C ^. | < 6, and by Remark 3 of [16], 


2e, 6 i 2 NJ 

i 1| --o' J ^ 6 


l c l l « 


& 


7 


-i-i- 


^ ^ ^ ^_ a_ 

Let Fj := Cf^FjC we have |Fj| T d < e ■ 6 , and 


Aj + Fj(6) — C* 


0 

0 e~^ 


+ Fj(0) 


C 


-l 


Then, for 0 < n < £ 


— 4(7 


A n {9) — Zj(0 + nuj) (Aj + Fj{0 + (n — l)cu)^ • • • (Aj + 


Zj(6) 


-l 


o 


- Zj(9 + nui) ■ CY 


2JVT -2 


<7 | a 


l=n— 1 
2 


fij o 

0 e -1 ^ 


+ Fj [9 + ^ cj ) 


c^-ztfr 


2 ' 4(l+cr) 


So |A„| (2T)d < ~^ £ j A 1 < £j 

We also have the following lemmas, which is generalized from the case d = 1. Since 
the proof can be directly translated, we do not present them precisely. 


Lemma 3.2 (Lemma 2.5 of [3]) There is a universal constant C > 0, independent of 
6 , such that for every 6 £ T d , po{E — e,F + e) < Cesup 0<n<c . e -i |A n (F)| 2 2T ^ . 

Lemma 3.3 (Theorem 2.4 of [3]) For every 6 € T d , pg\s is absolutely continuous. 

Proof of Proposition 3: Fix 9 £ and we do not present it explicitly. By Lemma 
3.3, it is enough to show that p(a(H) \ B) = 0. Let 1Z be the set of E £ R. such that 
(uj,Aq + Fq) is reducible. Notice that 1Z\B contains only E such that (cu,-4o + Fq) is 
analytically reducible to parabolic. It follows that 7Z \ B is countable: indeed for any 
E £ 1Z \ B, there exists k € lA such that p{uj,Aq + Fq) = (k). If F £ 1Z, any nonzero 
solution of Hq = Eq satisfies inf nGZ {|g n | 2 + |g„ + i| 2 } > 0. In particular, there are no 
eigenvalues in 1Z, and p(lZ \ B) = 0. Thus, we only need to prove that p(a(H) \ 1Z) = 0. 
Let K rn c a(H), m > 0, be the set of F such that the rotation number p satisfies 

|p - (&}| < j^p for some N m < \k\ < N m+1 . 

Obviously, K m C Uj> m _|_iXj. In view of Proposition 1 and Remark 3.2, if the resonance 
stops at one finite step, the cocycle (oj, Aq + Fq) is reducible. So we have a{H) \ 7Z C 
lim sup K m . By Borel-Cantelli lemma, ^ m>0 /i(li m ) < oo implies that p(a(H) \ 1Z) = 0. 
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Now we are going to show that Em>o M(-^m) < oo. For every E £ Sj, j > ?n + 1, we 
know that | p(E) — (k)\ < 2e ( j for some \k\ < Nj. This shows that T,j can be covered by 
lOIVj* intervals T s of length 2eJ. By Lemma 3.1 and Lemma 3.2, for any s, 

p(T s ) < C • 2eJ sup | A n (E)\ 2 {2T)d < 2Cs] (1+rT) . 

0<n<S.£~ a 

^ J 

P si _ 

Then //(£/) < e/ . So p(K m ) < Ej> m +i h(E) < which S ives E m >oMA m ) < 

oo. ■ 


3.3 Application 2: regularity and transversality of rotation number 

For the rotation number p = P(u,,a 0 +f 0 )i w e also have the following further results, 
which come with the analysis on the reducibility of Schrodinger cocycle. 

Proposition 4 With \V\ r = £q < £* as in Proposition 1, we have 

1. p = p^ A 0 +Fo) Holder continuous, i.e., there is a numerical constant c > 0, 

such that for any given E\, E 2 £ M, 

\p{Ei) - p(E 2 )I < c|£i - FI 2 I 2 . 


2. p = P(uj,Ao+f 0 ) i s absolutely continuous on R, i.e., given finite intervals {Tj}j on 


for any p > 0, there exists 5 = 5(g) > 0, such that ifYhj \^j\ < $ then Ej p\j 


< p. 


Proof: Recalling that A$(E) = ^ ^ ^ J and Fo(6) = ^ ^ ^ jj J, the Holder 

continuity and absolute continuity are obtained as direct corollaries of Theorem 2 in [16] 
and Theorem 1 in [17] respectively. ■ 


Proposition 5 With \V\ r = £q < £* as in Proposition 1 , we have 

(2sinp) -1 < dp < 00 for a.e. E £ o(H). (3.25) 

Proof: According to Proposition 3 in the previous subsection, if |R| r < £*, then the 
spectrum of Hg is purely absolutely continuous for any 6 £ T d . As the well-known result 
of Kotani theory, L(E) = 0 for a.e. E £ cr(H). In view of Theorem 1.4 of [10], we get the 
conclusion. ■ 


Remark 3.8 p is non-decreasing and, in particular, constant outside the spectrum. The 
transversality (3.25) of p is related to the reducibility. More precisely, for the constant 
B £ SL( 2,M) in Proposition 1, we have tr B = 2 cos p. Then dp can be written (formally) 
as ”, which is similar to dfo in (3.3) and (S2) in Proposition 2. 

From now on, for convenience, we assume that (3.25) is satisfied on the full-measure 
subset S of o(H ) given in Proposition 1. 
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3.4 Application 3: construction of Bloch-waves 

In general, the Bloch-wave of a self-adjoint operator on E 2 (Z) means the generalized 
eigenvector if, of the form = e mp h(x + net), with g , d some real numbers, and h a 
periodic function of x G M. Here g is called the Floquet exponent, and its imaginary part 
is called the Lyapunov exponent. In particular, if we consider the Schrodinger operator 
H, this definition of Lyapunov exponent is equivalent to that one given in Subsection 2.1 
for Schrodinger cocycle. 

Back to Proposition 1, we can construct Bloch-waves of Schrodinger operator H on S. 

More precisely, for the Schrodinger operator H = Hg, by the matrices Z = ( ^ 12 ] 

\ Z21 Z22 J 

( Bn B \2 \ ~ 

and B=[ .. “ ) given in Proposition 1, we can see (?/> n ) n = (e mp f n (9)) n is a 

y B21 £>22 J 

solution of the equation Hq = Eq for BsS, with /„:Sx (2T) d —X C given by 


f n (9) := [Zu(9 - u> + nu)Bi 2 - Zn(9 — u + nu)Bn] e lp + Zi 2 (0 — u + nut). 

B\2 


Indeed, by noting that 
value e lp , with 
( ^n +1 


Yh 

V’o 


v e ip - Bn 
= m 1 


J is an eigenvector of B corresponding to the eigen- 
-B12 


lp - Bn 

-d 


VVi 


= Z(6 + nw) B n Z{6) 
Hence, we can also get the Bloch-wave 

= (e mp /n)nez with f n = 


V’l 

V’o 


we get the generalized eigenvector 
^ = e mp Z(0 + nu) 


B\2 

e lp - B u 


fn 1 F G So 

f n sin 5 £, E G Ej+ 1 , j > 0 


Remark 3.9 The Bloch-wave (V’n)nez depends on the energy E G S. Recall (3.1) and 
Remark 3.2. On So, the Zarye part of the spectrum, (V’n)n Zias nice estimates. In contrast, 
it has some singularities ” on Sj+i, j > 0, whose union forms a small part of 

the spectrum. So we add a smoothing factor sin 5 just on this small part to cover the 
singularities. 

Based on the Bloch-wave if, we can introduce the ingredients of the modified spectral 
transformation for the Schrodinger operator(see Subsection 4.2). Let K n := ^s(e mp f n fo) 
and J n := $t(e mp f n fo) on S and /C n | R \£ = dn|i\E ;= 0. By a direct calculation, we see 


» mp fnf0 = E 

riA = n,n±l 


n a c 


o m A P 


where P n ,n A ■ S x (2T) C 


analytic on ( 2T) d and C(y on each Sj, j > 0, is given by 


Pn,n A — 


,n a > 


EgS 


0 


Pn,- 

Pn,n A sin 10 Eg Sj +1 , j > 0 


, with 


Pn,n(9) : — Z\2{0 — u + nui)Zi2{9 — co)(l + Bn) + Zn(9 — lo + nu)Zn{9 — uj)Bn 
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- [Z ii(0 — u + noj)Z 12 {9 - w) + Z n (9 - u>)Z 12 (0 - u + nu)\ BnB 12 , 
Pn,n+ 1(0) := Zn(6» - cj)Zi 2 (6» - u + nuj)Bi 2 ~ Z\ 2 {0 - u + nw)Z\ 2 (Q - w)5n, 
Pn,n-i (0) := Zn(d - (jj + n(jo)Zi 2 (9 - u)B V2 - Zi 2 (0 - u + nu)Zi 2 {9 - 


Then K n = En A Ai,n A sinn A p, J n = En A /3n,n A cosnA/9. In particular, /3 0 ,i = A) l, so 

/Co = 0, J7 o = /3o,o + 2/3o,i cosp. (3.26) 

According to (3.1) and the fact that |£|s j+1 — 2£j, j > 0, it is obvious that 

1 

\fin,n A ~ Ai,n A |<n,(E 0 ), (2T) d — C 0> l/^n,n A lc^(Ej + i), (2T) d — £ j i j — 0- (3.27) 

Hence, for any fi£l, (/C n ) n , (J n ) n G £°°(Z) with the 7°°—norms bounded by 2. 

We have the following property about the coefficients /?n,n A • 


Lemma 3.4 For rn. n G Z, 


(2T) d 


< P 3 
^ e 0 • 


An,m A Pn,ii/\ CtpdE d mmA 6 nnA TT 
Proof: By (3.27), we can get for all m, n G Z, 

i 

|An,m A Ai,n A ( ^m,m A < ^n,n A |jj 0j ( 2 T) d — *^0 > |An,m A Ai,n A Is^+i, (2T) d — s JA 0- 

Then, recalling that \p(Hj + i) \ < | ln£o|^ +1 ' >3<i ^j, we have 


(An,m A Ai,n A ^m,m A < ^n,n A ) dpdE 


< 


3tt£ 0 4 , 


(2T) d 


J = o 

(1 + e?_i) • |lne 0 p 3d e^_i, j>l 


Therefore, 


Pm,m A Pn,n A 9p dE <5, n }nA 6 r , ,, A 7T 


(2T) d 


< P 3 
- £ 0 • 


With Z and B replaced by Z^ M ^ and given in Proposition 2 respectively, we can 

get /3 ^ a : rW x (2T) d —>• M in the same way as j3 n ,n&.> and 


3(M) 
Pn,n A > 


e g r[, M) 


^n,n A 1 ^OginiO^M), £er 55, 0<j<J 


Then /3^ A is C 2 on each connected component of _ 


Lemma 3.5 For every n G Z, 
JM) 


\d"(/3XZ-Kn A )\ r (M) i(2T)d <4, 

I d u /3nfn A | ( 2 t) d < £ j I sin^ M )| 5 - 2i/ on T^, 0 < j < J 


^ = 0 , 1 , 2 , 


and for each connected component (E*,E**) C T/'+j, 


o(M) 

Pn,n A 


r^(, (2T) d 


<d (I+}) - 
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Proof: We only prove the statements for ftii'n. with that of P^n+i an d Pn'n-i similar. 
On r { 0 M \ firi'n = f3ii A n equals to 

z[z\e -00 + noo)z[™\0 - oo) [l + (4f) 2 ] + z[f- \e -oo + noo)z[^\e - w)(4f } ) 2 
- z[™ ] \e -00 + noo)z[™\d -oo) + z[^\e - uo)z[™\o -00 + nw)] (3.28) 

Then, in view of (3.23), \d u {f3i^n — 1)| (2T) d < e o is evident. 

On rj-53, 0 < j < J, (3^'n = Priori sin 10 . In each connected component of r^j5j\ 

according to (S2), (3^+n = 0 on its subinterval X where = 0. Outside X, 0 < 

| sin£( M )| < 2s j, then by (3.22), (3.23) and (3.28), we have, for v = 0,1,2, 


w I 29 

\d u ~&\(2T+ < 10£j 5 Isin^r^), |a^sin 10 ^)| < -ef\ sin^l 


9 - 2 v 


10 


Hence, combining the estimates above, \d v |( 2 T) d < £ j I sin^ M )| 5 2u on T 

For the connected component (X*, X**) C T, according to (S4), there is 0 < j* < J, 


such that E * , X+ € dTj* . By (3.23) and (3.24), and the fact that E ** — X* < £j 

hi+f). 


c(l+f ) 


if j* = 0, 


a(M)\ E * 
Mn,n 


(2T) d 


+m)\ e * 

t->n,n 


(2T) d 


x io (x** — x*) < s- 


if j* > 1, then for = fin'n sin 10 sin 10 

by terms like 


(2T) d 
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sin 




, 

(2T) d 


sin 


< ^ v- 1 4 / 

r (M) ,(2T) d — J 


can be bounded 




Moreover, by (S3), it is obvious that 

|Ai,n A — ISj,( 2 T) d — 10 £ j’ 0< j < J + 1. (3.29) 

4 Proof of ballistic motion 

4.1 An integral on [inf a(H), sup cr(H)} 

Recall that in Proposition 2, we have divided the interval [inf cr(H), sup cr(H)\ into 
J(M) + 2 parts for some given Me Z \ {0}, up to a subset of finite points. With this 
division, we can estimate the following integral, which will be applied in analyzing the 
modified spectral transformation. 

Lemma 4.1 Assume that h is C 2 on each connected component of given in Propo¬ 
sition 2, satisfying 
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(cl) - \h\ (M) < 2, \dh\ (M), \d 2 h\ {M ) < e 0 % 

1 0 1 0 1 0 

- \d v h\ < ej | sin£( M )| 5_2z/ on T0 < j < J , for v = 0,1, 2. 
(c2) For any connected component (-E*,^**) C 

p 6 

< -^- . 

|M| 1+ f 


Then 


/•sup cr(H) 
I inf cr(H) 


h cos M p • dp dE 


, \EJ* 

h \£ 


< £ j 


(i+i) 


Proof: The integral above is the sum of integrals over the connected component 
( E *, E '**) C rW. In view of Proposition 5, p is absolutely continuous. So, by apply¬ 
ing integration by parts on each connected component, 


/•sup cr(H) 
I inf a(H ) 


h cos Mp-dpdE = — 
M 


E 

connected component 


h sinMp| (Kt 


/ E* 


(dh) sin Mp 


Since (S4) implies that sin Mp(E) = 0 if E 1 G dr( M ) \ <9 TjE, we can see 


E ^sinMp| (E< ^) = X! 


(B*,B«)cr( M ) 

connected component 


(M) 

J+l 


h sinM P\(E*,E**) - h sinAfp| Jr 


Then, by (cl), (c2) and the fact p\(E t e. 


(B,,B„)cr 

connected component 

(i+l) 


<*j 


(4.1) 


h sinMp| Jr 


< | sin Mp(E^)\ 




< 4 <1+ * , + 2|M|.2e"' 


+ \h{E* )| • |sinMp| (Et)Ktai) 
(i+D 


< 


a _ 2 

and similarly h sin Mp\, E * < 5 ef . Recalling that there are at most |lneo|^ +1 ^ d 
connected components in [inf a(H), sup a(H)\, we get 


1 

M 


E 

(B.,B..)cr( M ) 

connected 


h arnMp\ {EmtEmm) 


< 


lneo | < ' J+1 ^ 3 


lOef 


S- £■ 


< 


< 


2\M\ 2|M| 1+ s 


(4.2) 


For the remaining part of integral, we consider f E ** (d/i) sin Mp( M ) dE instead, with 
p(M) gf l a (M\ Indeed, in view of (SI) and (cl), 


(dh) (sin Mp < ' M - — sin Mp) dE 


< 5e 0 2 • \M\ ■£}<£}■ 
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For (E*,E**) C Ff^, assume Af / ±1 and take M = ±1 as trivial cases. Note 
that p on Tq M \ To compute (dh) sin Mp^ M ' ) dE, we assume that 
sin£( M ) / 0, hence, by (S2), we have dp^ M "> = — • Then 


Ie * 


= -2 


‘(d/i) sin MpW dE 


dh 


' e * 9trA( M ) 


IE f dtrA^ L 


sin Af sin / o (M) • dp {M) dE 

cos(M - l)p (M) - cos(Af + 1)/9 (M) 1 8p {M) dE 


dh 


dtiAW) 


sin(Af — l)p( M ) sin(Af + l)p( M ) 


Af- 1 


M + 1 


(-E* , .£/**) 


r** d ( dh \ 

sin(Af — l)p( M ) 

sin(Af + l)p( M ) 

Je * V dti'A( M ^ J 

Af - 1 

Af + 1 




This can be bounded by pjy, since (3.23) implies that 

| 9trj4 (M) + l| (M) , |a 2 tr^( M )L ( M) < 24 - 
1 0 1 0 

For (E*,E**) C T^, by (S2), there is one interval X C (E*, E**), such that 
£(a/) _ q g Q implies dh = 0 on X. On (E*, E**) \X, noting that dp^ 1 ' 1 = d^ M) 
and in view of (3.22), we have | d ^M) | < 3e? | sin£( M )| 3 < T £ 4, anc y 


d 


dh \ 

dp( M )) 


< 


d 2 h 


+ 


dh ■ d 2 p( M ' ) 


d P ( M ) 

Jid Z 2 

(dh) sin AT pM dE = 


< Sef | sinC (M) | + 18iV ? 8T £/ < * 4 . 

j J J 6\J 


\dp( M )\ 2 

Therefore, with X\ and X 2 denoting the two connected components of (E*, E**) \X, 
rE** 


J(E*,E**)\T 

f dh 

J(E«,E„)\Z dp ( M ) 

-1 r 3/1 

Af 5 p( M ) 


(dh) sinAfp (M) dE 


sin A/pW • dp (M) dE 


cos M p( M ^ 




x 2 . 


+ 


-/ 

Af J(E,,E»)\T 


cosM p {M)dE ’ 


which can be bounded by ^yy. 

So, for each (E*,E**) C we have I /J)** (<9/i) sin Af p dE 


£ T I 

- 2jMi +£ ^ - fMf’ alld then 


— T 

Af ^ 


(£*,£««)cr( M ) 


IE* 


(dh) sin Af p dE 


< | ln£ 0 | (J+ T 3 rfg4 < ^ 


Af 2 


|Af|§ 


(4.3) 
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Note that in getting (4.3), we need to consider two cases about M: 

(I) If \M\ < £q ct , which means J(M ) = 0, then | lngo|( J+1 ) 3rf g(f < £q • 

(II) If \M\ > £q CT , which means J(M ) > 1 and \M\ > £~]Zi = , then 

|lne 0 |( J+1 ) 3d 4 < |ln£ 0 |( J+1 ) 3d 4 • gj_ 1 < gj 

\ M \ 2 “ |M|i ~ |M|t’ 

<r 6 

< — 40 - | 


As a result, by combining (4.2) and (4.3), 


r sup cr(H) 
' inf cr(H) 


h cos Mp ■ dp dE 


Remark 4.1 The initial aim was to bound the integral /((YJ(h) h cos Mp dp dE by pyp. 
If h is C 2 on [inf cr(H), sup a(H)\, we can get this estimate by the integration by parts two 
times since sin Mp vanishes at inf cr(H) and sup cr(H). But here h is just piecewise 
C 2 on r (M) and it is not continuous at the edge points. We expect the bound |M| _ F+6) 
instead. It also guarantees the convergences of the sum over M G Z \ {0}, which will be 
applied in the next subsection. 

On each connected component (E*,E**) G F , where sin Mp does not vanish at both 
edge points, h\^ Et is well estimated by the C 2 property. As for the external variation of 

h, i.e., to control h\^p (which is necessary in the integration by parts, as shown in (4-1)), 
we need an additional condition (c2). This is related to (3.24) (S4) of Proposition 2 

and the last statement of Lemma 3.5. 


Back to the Bloch-waves and their approximations constructed in Subsection 3.4. From 
now on till the end of this section, we fix 6 G (2T) d and we shall not report this dependence 
explicitly. 

As a direct application of Lemma 4.1, we have 


Lemma 4.2 For rn, n G Z, M G Z \ {0}, 


Pm,m/± Pn,n& COS Alp • dp dE 


P 

7 


< 


\M\ 


i+f 


Proof: By Lemma 3.5 and (3.29), we get the following properties of /3m[m A filing and 

Pm,m.A Pn ,riA * 


(pi) For v = 0,1, 2, 


(P2) 


r (M) JM) 
fJm,rriA h>n,n a 


E+ 


\d U {Pm!m.^Pn(n A ~ S m ,m A &n,n A ) l r (M) < 3g^ , 

\dnffiA M nl)\ < 4 1 sin^ M )| 5 - 2 " on rJ52, 0 < j < J ’ 

< gj^ 1+ ®^ for any connected component (E*,E**) C Fj^j, 


(p3) I Pm,m A Pn,n A ~ Pm^l A Pnfn ils,- <£j,0<j<J+l. 
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Hence, to compute the integral J s f3 n ,n& cos Mp ■ dp dE, we can consider the integral 

/s Pm,m/\Pn,riA cos Mp ■ dpdE instead. Indeed, (p3) implies that 


J+i 

E 

3=0 


((3m,m/\ Pn,nA PmfnA Pn£L ) cos Mp-dp dE 


<ej. 


Q ^C7 

Combining the fact that |p(Sj +1 )| < |lne 0 |^ +1 ' ) d £j < £y 3 , and recalling that J = J(M) = 
min{j € N : |M| < £“ CT }, 


(fim.rn^ Pn,n& P { ™lA M nl)™ sM P-dpdE 


4 


< r 2 < - 

~ J+1 ~ |Af| 1+ i 


(4.4) 


By the gap-labelling theorem mentioned in Subsection 2.1, dp = 0 on R\a(H). So we 
apply Lemma 4.1 to the approximated integral 


Pwjm a&a cos M P-dpdE = 


r sup cr(H) 


PtwaPwL cos Mp ■ dp dE ’ 


/ inf cr(H) 

with the conditions (cl) and (c2) verified by (pi) and (p2) respectively, and get 


rsup <j(H) 


/ inf cr(H) 

Together with (4.4), the proof is finished. 


cos Mp - ^ dE 


< 


|M| 


1+7 


4.2 Modified spectral transformation 

For Schrodinger operator H , we define the modified spectral transformation S on t 2 (Z): 

= n€Z <lr,K n 

XmGZ Qn<Jn 

(dl)~i ) dEj ^ Ir \ s := °‘ 

Recall the definition of £ 2 —space given in (2.2). So here C 2 {dip) means the space of vectors 
G = (fjj ) j =i j2 , with functions of E G R satisfying 

l|G , ||£ 2 (d(/ , ) := ^ J^(\di\ 2 + l^l 2 ) {dp)~ 1 dE < oo. 

The following lemma shows that 5 is well defined on t 2 (Z) to C 2 {dip). 

Lemma 4.3 For any q € 1? 2 (Z) \ {0}, we Ziave 0 < < 3||g||^2( Z ). 


Let the matrix of measures dip be 


,. i ( ( d P r 1 

- o 
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Proof: Let dip : = ( dp) 2 dp , i.e., 

1 ( dp 0 \ 

■= ~ I o d \ dE , dp | RXE := 0. 

To bound \\Sq\\c‘2(dip)i we can bound \\Sq\\jr 2 ( d ^ instead. Indeed, since (2sin/)) _1 < dp < 
oo on E, we have \\Sq\\ C 2 ^ < 2\\Sq\\ C 2 {d ^. 

Recall that ( ) = ( ^ nA ^ n,riA " ) Q n E. Given any q £ £ 2 (Z) with finite 

V Jn ) V T,n A /3n,n A COS n A p J 
support, saying [ —iV, iV] , we have 

H^llicRdv) = — E QmQn f (Em E n + J m Jn) dp dE 

^ |m|,|n|<iV “' E 

— ^ ' QmQn 'y ' j fim,m A fdn,n A COS (w~l A Tl A )p • dpdE. 

^ |m|,|n|<iV ni A ,n A 


Applying Lemma 3.4 and 4.2 to the above integral, corresponding to the cases m A —n A = 0 
and m A — n A / 0 respectively, we have 

2 


- / 

vr 

-f 

IT 


(E 2 n + J 2 )dpdE- 1 
(Em E n + Jm Jn) dpdE 


< p 8 
— ) 


< 


m — n 


1 + 


2 j m.Jn 


Then we can get 


- E M 2 [ (E 2 n + j 2 )dpdE- E k 

^ |n|<JV |ra|<JV 


< £ 


0 E knl 

|n|<JV 


1 


7T 


^ ' QmQn / (E m E n + JmJnfdpdE 


\m\, |n| <AT 
m^n 


< r 8 
- e 0 


< p 9 

- to 


E ■ 

fcez\{o} 

E k«l : 


(4.5) 


|l+7 


'y 1 I Qn+k 11 Qn 


(4.6) 


Note that to get (4.6), we have applied Holder’s inequality for each given k: 

E \<ln+k\\qn\ < (E kn+fcl 2 ) (E = E l<?n| 2 - 

nez \nez J \nez J nez 

By combining (4.5) and (4.6), we have 

^ 1-e o 10 j IM| 2 2 (z) < < ^l + e 0 10 j lkl| 2 2( Z ). (4.7) 

Since any q £ £ 2 (Z) can be approximated by finitely supported vectors in the sense of £ 2 , 
we can pass (4.7) to any q £ £ 2 (Z). Hence, \\Sq\\ C 2 ^ dlf] < 2\\Sq\\ C 2^ < 31|<?|| £2(z) . 

Note that the measure (dpJ 1 dE is absolutely continuous with respect to dpdE and 
dp is positive everywhere on E. By (4.7), we have that H^llEcV) > 0 if q ^ 0. ■ 
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We can see that /C n and J n are differentiable in the sense of Whitney on each X j and 


/ 3/C n \ _ / t n \ f En A (^n,n A )sinn A /9 \ 

\ dj n ) \ Jn J V En A (d/3 nt n A ) COS n A p ) ’ 

where 3/3 n ,n A is the derivative in the sense of Whitney on X j , and 


IC n 

Jn 


dp Y,n A n A /3 n ,n A cos n A p 
-9pJ2n A n APn,n A sin n A p 


Since {Sj}i>o are mutually disjoint, 3/l n ,n A and hence <9/C n , dj n are well defined on X. 


Remark 4.2 As shown in Subsection 2.1, the classical spectral transformation is a unitary 
transformation from £ 2 (Z) to C 2 (dp), with dp the matrix of spectral measures introduced 
by m—functions. In contrast, to get better differentiability with respect to E, the modi¬ 
fied spectral transformation S here is not a unitary one. Comparing with (2.3) for the 
free Schrodinger operator, /C„ and J n for S have no divisor as “ ~ sin p ” and they have 
a smoothing factor sin 10 f in a small part of spectrum to cover the singidarities. More¬ 
over, instead of the spectral measures shown in Theorem 2, we use the explicit measure 
(dp)~ 1 dE, which has a nice regidarity in view of the transversality (3.25) of dp. 


Remark 4.3 With the purely absolute continuity of the spectrum, we can conclude that the 
spectral transformation for any non-zero q € i 2 (Z) is supported on a subset of a (H) with, 
positive Lebesgue measure. Hence, in constructing the modified spectral transformation, 
we can neglect a zero-measure subset of a(H) and just focus on X. This is the necessity 
of the purely absolute continuity in the proof. 

Lemma 4.4 For any q £ 1 2 {Z) with \\q\\D < oo, 


En QndJCn 

E n QndJn 


D 


C 2 (dip) 


< ^oM + £ 0 10 Iklb- 


Proof: We decompose 


En QndICn 
En Qn.dJn 


into 


go 3/C 0 
do 3Jo 


+ 


EnGZ\{0} Qn(dlC n IC n ) 

En«\{0} Qn{dJ n ~ Jn) 


+ 


Enez\{0} QnlCn 
Enez\{0} QnJn 

By a direct computation, we can see, from (3.26) and (3.27), that 

m2 


/ go 3/Co \ 

2 

( 0 ) 

\ Qo dJo J 

C 2 (dtp) 

V go(3/3 0 ,o + 2(3/?o,i) cos p — 2(dp)fio,i sin p) ) 


(4.9) 


C 2 (dp) 


< ^M 2 - 

(4.10) 
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In view of (3.27) and (4.8), we see \K. n — d!C n |e ., | j n ~ dj n |s . < e 0 2 for every Ej, so 

/ En^Qn(>Cn-d)C n ) \ 2 

\ — 9J n ) ) 

m,ng*\{ 0 } 7F 

j>0 


m,n£Z\{ 0} 

< £ 0 E n2 kn| 2 - 

n£Z\{0} 


E \Qm\\q n \ J (dp) l dE 


(4.11) 


To consider the third part, we hrst assume that q has finite support, saying [—IV, IV]. 
So we have 

.2 * 

E 0 <|n |<NQnICn \ = 1 m „^ n f IC m JC n + J m J n 

T,0<\n\<N QnJn J £2(d¥ ,) 77 0<|m|,|n|<JV 

In view of the definition of /C n , 77 n , we have, for to, n € Z \ {0}, 


E m E n T /£. \ — 1 


/£ mn 


(< 9 p) 'dT = E mAnA / Pm,m A P n ,nA cos ( m A-nA)p-dpdE. 

. mn Jz 


Applying Lemma 3.4 and 4.2 to the above integral, corresponding to the cases itia-jia = 0 
and to a — nA / 0 respectively, and noting that I "' A " A I < 2 for any to., n / 0, we get 


1 [ E + E 


n ^ra —1 


vr Js rr 


(dp) dE-1 < £ 0 8 , 


1 f E m E n + ^JmSn,£, n_i , £() 8 / 

~ --(dp) dE <-- u -rrr , to ^ n 


it Js mn 


Therefore, similar to (4.5) and (4.6), we have 

- E n2 kn| 2 f ^ n (dp)~ l dE - E « 2 kn| 2 <£(T E n2 |«™| 2 > 

71 0<|n|<A r “' S ” |n|<iV |n|<JV 


1 _ f fcm fcn T 77m i7n / „ x _ 1 , i-, 

- > mnq m q n / -(dp) dE 

n n-i m mn 

0 <|m|,|n|<AT 

m^n 


< ^ E 

fcez\{o} 


E |(n +A;)g n+fc ||ng n | 


< e 0 9 E n 2 M 2 - 
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Because of these two inequalities, we get 


1 — p 10 
i e 0 


10 1 II „112 


ID 2s 


< 


SnSZ\{0} Qnfc-n 
E na \{ 0} Qnffn 


< 


1+^n 10 


|2 

Id- 


C 2 (dtp) 


(4.12) 


Since any q £ £ 2 (Z) with ||</||d < oo can be approximated by finitely supported vectors in 
the sense of || • ||d, we can pass the inequality (4.12) to any q £ £ 2 (Z) with ||(/||d < oo. 
Combining (4.10), (4.11) and (4.12), we get (4.9). ■ 


En QndJCn 
E n Qnd>Jn 

modified spectral transformation under some suitable condition 


The following lemma shows that 


converges to the derivative of the 


Lemma 4.5 For q £ £ 2 (Z) satisfying ||(/||d < oo, with 
SraSZ Qnfc") 


(al) 


(a2) 


SnSZ Qn<Jn 
X)n€ Z QndtC r 


convergent to F = 


convergent to H = 


F\ 

F 2 


Hi 

h 2 


if F is Cjy on each Ej, then dF = H a.e. on E. 


uniformly in E, 

] in the sense of C?(dip), 


Proof: Let [if nA be the extension of /? njnA , C 1 on [inf <r(H), sup a(H)], with Pf nA \ £. = 
A»,n A> and let Kf := En A Pn,n A sinn A p, := En A Ph,n A cos n A p. 

Obviously, /C^ is absolutely continuous on [inf cr(H), sup <r(H")], so for any C 1 function 
<f on [inf cr(i4),sup(j(i4)], by the integration by parts, 


I dKn-cfdE = Kn-f | s - 


Kn-dcfdE. 


Here T,j is a Borel set contained in cr(H). It can be written as 

E = [inf c(H), sup cr{H)] \ |J I h 

i> o 

with {/;}/>o a sequence of intervals, mutually disjoint, and JC n • 0| s is interpreted as 


ICn ■ 



[inf <j(H ), sup cr(H)] 


E 4 • * 

l> 0 


II ' 


Since Pf, nA , <f and p are all absolutely continuous on [inf cr(H), supu(i4)], we can see the 
absolute convergence of Ez>o ' <E ( - Hence, by Fubini’s theorem, 


E ' ^Is j) 



■ <t> 




Fi ' ^ • 
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On the other hand, for each Xj, we have, by (a2), 


\(j)\ 2 dpdE 




I | E q n dlC n -Hi\-\<l>\dE < / I E q n dKn- Hrfidpy'dE 

|n|<iV \ J ^ |n|<iV ) 

which goes to 0 as N —>• oo. Hence, 

f dF 1 -ct>dE= Fi- 0| e .- f F 1 -dcl>dE = Y j q n {1C n -(l>\v.)-Y j q n f E n -dfdE, 

■' y -, 1 Jy , n 3 n Jy i 

which equals to En / E <9/C„ -<f>dE = linrv^oc / E E|n|<iv ( lndE n ■ fidE = J s Hi ■ (pdE. 
So 9-F] = H\ a.e. on each X,-, hence a.e. on X. Similarly, S.F 2 = #2 a.e. on X. ■ 


4.3 Proof of Theorem 1 

Now, let q(t ) = (q n (t )) n£ z be the solution to the dynamical equation i<) = Hq, with 
< 7 ( 0 ) € ^ 2 (Z). Let G(E,t) := ( Sq)(E,t ). Since, for any fi£X, 

^(r(TP+ -L At Cfp 1 / Enfant + $) ~ Qn(t)]E. n (E) \ 

we can verify the differentiability of G(E,t ) with respect to t. For fi£X, 

^ = f E„ (Hq)nWn(E) \ = ( E n q n (t)(HKUE) \ = 

* ’ V En(HqUt)ME) ) { E n q n (t)(HJ) n (E) ) 

so G(E,t) = e- iEt G(^, 0 ). 

Corollary 1 For any solution q(t) = ( q n (t))nez to the equation iq = Hq, with q( 0) = 
(<7n(0))nez supported on a finite subset A C I, we have, for a.e. E € X, 

/ Enez.qn(t)dJC n {E) 

\ Ene^n(t)dJn(E) 

Proof: q(0) is finitely supported, so dG(E, 0) is well defined on each Xj, with 

J2neAQn(0)dlC n {E) \ 

J2n£AQn(0)dJ'n(E) J 

Hence, G(E,t) = e~ lEt G(E, 0) is differentiable in the sense of Whitney on each Xj, with 

dG(E, t ) = -it • e~ im G{E , 0) + e~ iEt dG{E, 0). 

For any finite t, '}f n n 2 \q n {t)\ 2 < °o, which implies En |<7n(0l < °°- The i°° property of 
K. n and J n implies 

E \<ln(t)JC n \, E \Qn(t)J n \ < 2 E Wn{t )|, 


= —it • e 


—iEt 


G(E,0) +e~ iEt dG(E,0). 


(4.13) 


9G(£,0) = 


nEZ 


nEZ 


and by Lemma 4.4, for N > 0 sufficiently large, 


E|n|>./V Qn{t)dlC n 

E|n|>7V Qn{t)dffn 


< 2 E n2 \Qn(t) | 5 

l£ 2 (^) \|n|>JV 

So the assumptions (al) and (a2) of Lemma 4.5 are verified. Applying Lemma 4.5, the 
proof of (4.13) is finished. ■ 
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Given any solution q(t ) to i q = Hq with initial datum q( 0) satisfying 11^(0)||£> < oo 
and N > 0, we define q N (0) = (q^ (0)) n as the truncation of q( 0), i.e., 


<ln ( 0 ) : = 


q n ( 0), \n\ < N 
0, |n| > N 


By Lemma 4.3, linpv-^oo ||‘ 5 <j ,Ar ( 0 )||£ 2 ( (i¥ ,) = \\Sq{0)\\c 2 (d<p)- Let q N (t) be the solution satis¬ 
fying i q N = Hq N with initial datum q N (0), and G^iyE^t) = ( Sq N )(E,t ). 

In view of Lemma 4.4 and Corollary 1, we can see, 


t\\GN(E, 0 )||£ 2 ( d¥ ,) — \\q N {t)\\D < (01 + £ o° Ik^COIIo + \\9Gn(E, 0)\\c 2 (dip)- 

Hence, we have 


\\Gn(e, o)| | £2^) — t g N {t) i n /,\ || \\Gn{e, o)||£2( d¥ ,) +t g N (t) 

-< t \\q {t)\\ D <- ~2 - 


1 + £, 


<7^ 

10 

0 


1 — r 10 
1 £ 0 


with ^_/v(0 := \\dGN(E,0)\\jr2( dip ) + £q |(/Q r (t)|. By Lemma 4.4, Corollary 1, and the 
^—conservation law, we can see 


£iv (0 < 2 ( ^2 n 2 \q n (0)\ 2 ] + £(f koOOl — 2 ||c/( 0 )||d + £ 0 4 

K \n\<N 


So, for t large enough(independent of N), t 1 ^jv( 0 goes to zero, and 


WSq i.Q)\\c 2 (d<f) , ,-l|, N /.Ml ^ 11^9 (0)ll£ 2 (d v ) 

\\q (t)\\D < - ~2 - 


1 + £. 


q-2 

16 

0 


(4.14) 


By the ballistic upper bound (1.3), we have 


Jim t ||g (t) - q(t)\\ D < 2 lim \\q ( 0 )- 

N^-oo N—too 


1 _ p !6 

i £q 


+ t lim ||g (0) - <?(0 )||d = 0 . 

iV—>oo 


Combining with the fact that lirn/v-»oo ||<5g JV (0) \\c 2 (dip) = ||«-><z(0) 11 c 2 (dy)i we can P ass (4-14) 
to N —^ oo. Then Theorem 1 can be proven with 


CT“ 


C-\\Sq(0)\\ C 2 idv) , C~j^- 


A Appendix 

A.l Proof of Proposition 2 

Given Me Z \ {0} with J = J(M) = min jj e N : \M\ < e ”' 7 j. Recall the iteration 
process given in the proof of Proposition 1 (1) and (2). To prove Proposition 2, we just 
focus on the first J + 1 steps of iteration. 
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Assume that J > 1. At the (j + l) th —step, 0 < j < J — 1, as shown in (3.8), we 
need a renormalization H k ^ on the intervals %{kj) where the resonance condition (3.7) 

holds. Then we can construct Zj + 1 which is close to H k ^ as in (3.9). Note that Z( kj ) is 
not uniquely determined since we could modify the coefficients in the resonance condition 
(3.7) as we need. So, for the given M £ Z \ {0}, we can define Z(kj) as 


’-(kj) 


:= < E G R : - 


ciq . . c 2 ej 

—- < tj ~ ( k j) < —- 




l fc j 


where ci, c 2 € [^, 1] are two constants, depending on M and kj, such that Mp [dZ^.^j C 
7 rZ. By (3.14), p(Z( kj )) is adjustable because £j < pjy < £j_i- 

At the (J + l) th —step, we can construct Zj + 1 (hence Zj+i and Aj + 1 ) as above, with 
the resonance condition(hence the definition of Z( kj \) replaced by: 2 


3 £ °'( 1 +f) 

there is a vector 0 < \kj\ < Nj satisfying |£j — (kj)\ < - J p . 


(A.l) 


Then, as shown above, \p(Z^ kj ^)\ < 2e^ 1+2 \ and, the slight change in the resonance 
condition(the index a to cr(l + ^)), does not affect the estimation as in (3.13). Noting 


that d£j > |, we have e ^ cr ^ 1+fT ) < | 2 ^,^| < £j 


(i+l) 


Define the sets T 


P (M) •= l 

j ‘ s 


(M) 


, 0 < j < J + 1, as 
Uo<|fcj|<A r j -k(kj) > 
Uo<| fe ,_i|<iV,_i^-i> \ (u, 

[inf u(i7), sup er(77)] \ r[ M) ) , 


J+i r M\ 
«=j+i 1 1 J ’ 


3 = J + 1 

J>j> l 

3 = 0 


(A-2) 


We can get (3.21) by noting that |p(r^)| < ln£'o| < ' J+1 ^ 3d ■ , 0 < j < J. 

Let Z( M ) := Zj+i and A( M ) := Aj + 1 which has two eigenvalues e ±ia(M) . Then £( M ) : = 
m ( M ) is exactly O+i- The finite sequence {/cp^ }o<KJ C Z d in (SI) is exactly the fej’s 
given as above, which is piecewise constant, satisfying k\ M ^ = 0 on t( M \ if l > j, and 

• On there is no resonance in these J + 1 steps, which means k( M ^ = 0 for every 

0 < j < J, then each transformation Zj + \ is close to identity. So 


|- A 0 )| < eg, \d v {zW _ M) 


( 2T )d e 0 , 


1 / = 0 , 1 , 2 . 


(A.3) 


If sin^( M ) / 0, we have trA( A/ ) = 2cos^ M ), so <9£( M ) = Similar to the 

case of Corollary 6 in [13], d^ M ) > 1. 

2 If J = 0, we start with the resonance condition (A.l) directly. 
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On r£5$, 0 < j < J, the resonance and the renormalization occur exactly at the 
j th — step, but do not occur afterwards, so for j + 1 < l < J and v = 0,1, 2, \d v (Zi + \ — 
M )|( 2t )d < ef , |d"(A/ + i - A/)| < ef. Then we can get, by (3.13), 


l^ (M) l(2 T)d <^ 1 , |^W| (2T)d < £ .^, |d 2 zW| (2T)d < £ . 

|iW| < 5, |<9A( m )| < Nj T , |9 2 i( M )| < £ ~ f . 


(A.4) 


Moreover, |£( M )| < |^+i| + 2e? < 2eJ on T^, 0 < j < J. 

As shown in the proof of Proposition 1, after the renormalization and the standard 
KAM regime, there may be one subinterval X C X, (M), on which |trA( M )| > 2. If 

' 3 ' 

|trA( M )| < 2 on X (M)>, then it can be seen as |X| = 0. We have |^ M ^| = 0 on X, 
since it represents “uniformly hyperbolic”. We can refer to [13, 16] for more details. 
On X^(M)^ \ X, sin does not vanish, and keeps the property d^ M ' > > 4 as on 

Tq A/ \ Since d^ A1 ' 1 = — ^^(m) for sin£( M ) / 0, we can get (3.22) by (A.4). 

Till now we have |zM^+u)- 1 (A o + Xo(0)) Z( M )(0)-A( M )| (2T)d < e J+1 . With C i(M) 
the matrix of normalized eigenvectors of A^ M \ let a^ 1 ' 1 := + J2j =and 


H‘ M H0):=C aiu , 


exp{-iELo(*S M, .«)} 


0 


exp{§E/=o(^r ; ’ 0 )} 


(M) 


c 


-1 


v(M) 


0 


C^, Z< M ) := Z (M ) F( m ). Similar to (3.17), we 


and A (A/) := C^ (M ) y Q 
can verify that 

z^ M \e + u) a ( m) z (M \e)~ l = z {M \e + u) i (M) z {M \e)~ l 

So e ±1 “ (J ' /) are the eigenvalues of A^ M ) and |— p\ = |^( M ) + Y^i=o(^i M ^) — p\ < £j. 

/ 7(M) 7 (M) 

Since for sin ^ q, C^( M ) is a normalization of 


i£(M) ^ r (M) 7(M) T by 

N ^ •^'11 ^ ^11 

a straightforward calculation, we can see, similar to (3.18) and (3.19), 




H^ M \0) : = 


sin 


A (M) , = sin P 


sin^ M ) 
(M) 


sin£( M ) l A 


1W 

^11 

(M) 


21 


7(M) 

^11 

l(Af) 

^21 


m) 

j A-12 


-A 


A 


(Af) 


sin 


£(M) _ 


E,> 0 (*TV 


12 


-A 


(M) 

11 


(M) 

11 


+ 


J + — 

sin (p( M )—g( M i) 
sin£( M ) 

0 


sin 


£(M) 


-Id., (A.5) 


0 

sin(p( M l+^( M i) 

sin^( M ) 


(A.6) 


On rJ M) , k\ M) = 0, VO < j < J, so tf( M ) = Id., A( M ) = A^ M \ Z ( M ) = Z^ M \ Then 
(3.23) for T { 0 M) is proven in (A.3). 
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On rJ^S, if sin<A M ) / 0, then d v ( sin ^(M) ) < Nj VT | sin^ M )| ( 1+2 0 ; ^ = 1,2, and 
| sin£( M )i7( M )|( 2T )d) | sin t 4( m ) | < 5, 

|^(sin£( M )tf( M ))| (2T)d , |d*'(sin£( M )A( M ))| < 21^1 sin £( M )|i- 2l % i/ = l,2' 

Combining all the estimates above, we get, for sin^ M ) ^ 0, 

\d u H^ M) \ {2T)d , \d u A^\ < N] T \sm^\-^ +2u \ V = 0,1,2. 

Then for = H^ M ^Z^ M \ we have \d v Z^ M ^\/ 2 f)d < e - ® | sin^ M )| _ ( 1+2l/ ). So (3.23) is 

, r (M) 

proven tor I ) +1 . 

Since on S j, 0 < j < J + 1, 

^ 1 _ _ 2 

1^+1 — Id. |(2T) d < £ ; 2 > l-^i+l — A| < £ i j / > J + 1, 

by the construction of Z and B, and noting that on Sj+i C 0 < j < J, 

| sin£( M ) Z^ M ^ — sin£ Z\( 2T y and | sin£( M ) A ( M ) — sin£F>| are bounded by |Z^ M ) — Z|( 2 t)<* 
and |iW — B| respectively, we can prove (S3). 


Proof of (S4): From the construction of the intervals we can see M p(dl^ j ' ) ) C 7rZ 

for 0 < j < J — 1. By the definition of in (A.2), every connected component of r j+j 
is some so {E 1 € : Mp(E ) ^ 7rZ} C c>Fj^. 

Since every = (E*,E**) is generated at the (J + l) th —step, it is contained in 

an interval in which Zj and Aj, 1 < j < J, are all C 2 , and /cj 1 ^ (E) = kj on Z( fcj \, 
kj AI \Ez) = k < 'j Ai (A+) = 0 since it is in the case “non-resonance” outside the interval 
I(kj) at the (J + l) th —step. Indeed, we can find 0 < j* < J, such that E*, E„ € dT^f\ 

and k[ M \Ez) = k\ M \E '+) = 0 for j* < l < J. For Zj = JI/Lj Zi, 1 < j < J, & similar 
computation as (3.12) or (3.13) shows that 

j \ d (Zj-Id.)\ <£§, |a(Aj-A))|<e|, 3* = 0 


s ■ ^ 

(2T) d — j*— 1 ’ 


<K- 1 . J.>1 


Moreover, outside the interval Z(kj)i \Zj+i ~ Id-\r 2T \ d , |Aj+i — Aj\ < ej. Recalling that 


£** — E* > e f 


3<r(l+cr) 


we have Zj + \ 


< ej 2 £ ^ t(1+<t) < £ f (E„ - £*) and 


(i (M) - A 0 ) " < 3£q ( E ..** - £*), j* = 0 

i (M) |J* <3^.!(£;**-£;*), j*>i 


For ** = Zj + i ** • Zj(E„) + Zj+itE 1 * ) • Zj **, we have 


1 i 

-£o (-^** F/*), J* = 0 

Se ^^-E** - £*), j* > 1 
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tCj>tCj> 


The estimate (3.24) for j* = 0 follows directly from (A.7) and (A.8), by noting that 

i E+ 

___ . For j* > 1, by noting that (9£j = dpj = 


+ 2e}<Nf;_ 1 el_ l (E^-E*). 


z( M ) 

rp-\~ 

** - ^(M) 

and A M ) 

E + 

** - ^(M) 


EZ 

EZ 

EZ 

UtIj and |sm£j| < 2e£_ 1 , 



sin 3 £^ M i sin p^ M ^ 
Similarly, 


E+ 

< 

EZ 



sin 3 £./ sin pj 


sin 3 £( m ) sin(V M) 



sin 3 £( m ) sin ± £( M )^ 

e+ 

e- 

V / 






and 


sin 3 £( M i 


are all bounded by A r j( r _ 1 £j t _ 1 (A** — E *). In view of (A.5) and (A.6), 


e+ 

< : 

E~ 



* ( 


sin 4 e (M) AW < sin 3 £< M ) sin + sin 3 £< M ) sin (> M ) ± ^ (M) ) 

E * £■* V / 


< ( 4 iv|;_i^_i + 2 ej ._ 1 • 3 iv 4 ;_ 1 + (£** - ej 


< — A 1 *), 


and similarly 


sin 4 £( M ) HW 


(2T) d 


< e2-i{E** - E*). Finally, for Z W = H^Z^ 


sin 4 C (M) Z (M) 


e+ 


EZ 

(2T) d 


sin 4 ^ M ) HMzM 


(2T) d 2 


A.2 Proof of Proposition 1(3) 

Recall Z and B given in the proof of Proposition 1(1) and (2), and the expressions of 
H and B given in (3.18) and (3.19). We also define 


m : = 


sin / b u Bp \ sin cosg-trR / B u B V1 

sin£ i B 2 1 -B u ) + 2sin 3 £ 1 B 2 1 -Bn 


+- 


sin (£ — 


E,>ofeA 


2 sin 4 £ 


cos £ • trR cos ( £ — 
-Id.- 


E,-> 0 <fcj.g) 


trF> 


-Id., 


B : = 


sin p ( B u Bp 
sin£ y B 2 1 -Rn 

cos £ • tri 

H-- q- 

2 sin 3 £ 


+ 


2 sin 2 £ 

sin p cos £ • trR cosp-trR) ( B u B\ 2 
2sin 3 £ 2sin 2 £ ) l B 2 \ —Bn 


/ — sin(p — £) 

0 ) 

trR / 

l 0 

sin(/? + £) J 

sin 2 £ \ 


0 


0 


and B can be (formally) seen as the derivative of H and B respectively. In particular, 
= 0 and B = B on So- 
We are going to show that 
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• on Eg, Z and B are C\y with the first order derivatives Z := Z and B := B 
respectively; 

• on Xj+i, sin s+2 £ • Z and sin s+2 £ • B, s > 2, are C\ v with the first order derivatives 


Z := sin s+2 £ (Z ■ H + Z ■ H) — ^ + ^ trg sin s £ cos g • Z, 
B := sin s+2 g • B - ^ + sin s £ cos g • B. 


By the estimates in (3.16) and the above expressions of H and B, we have 


I l-^lso,(2T) d > \B — 8Aq\y, 0 <2sq 
\ l^ls j+1 ,(2T)d, \B\z j+1 < j£j 3 

since 0 < |£| < 2eJ on Ej+i. In view of Definition 2.1, to finish the proof of (3.1), it is 
sufficient to show that, for any E\, E 2 € E j with E\ < E 2 , and for s > 2, 


(Z — Id.) |(Bi ) e 2 ) 


(B — A 


0fi(Si,E 2 ) 


sin s+2 £ • Z 


(fil,E 2 )|(2T) d 


, sin s+2 £ • £ 


(£i,£ 2 ) 


< ko (-^2 - -El), J = 0 


<^(^ 2 -^ 1 ), j> 1 


. (A.9) 


Since, in view of (3.20), (A.9) is evident if E 2 — E\ > £?, we assume that E 2 — E\ < ej, 
There is some J > j such that £j +1 < E 2 — E\ < Ej. So we can choose M € Z \ {0} 

with J{M) = J such that Ej C and let Z( M ) = Zj +1 , T-= Aj +1 be constructed 

as in the proof of Proposition 2. Then we have 


i^-^ (M) iE,,(2 T ) d , | 5 -aW| s ,, ie-e (M) is, <^5 ^'(£2-£i). 

If (f?i,£? 2 ) C V[ M \ then Z^ M \ A ( M ) are C 2 on {E U E 2 ). So, by (A.3) and (A.4), 


i—<7(1 +<t) 


(A.10) 


(Z< M ) - Id.) 


(£i,E 2 )|( 2T )d 


(i(M) _ Aq) 


(£i,E 2 )| 


[ | I(£i,E 2 )|( 2T )d ’ 

and, by (3.22) , sin s+1 ^ (M) 
and (A.6), we have 


I(Ei,e 2 )| 


<2 £ |(A 2 -A 1 ), j = 0 
< £jM E 2 ~ Ei), j > 1 


< e - 6 _ 1 (£ , 2 — Tli) fo r any given s > 2. So, by (A.5) 
(Ei,_E 2 ) j 


sin s+2 


| sin s+ 2 £ (M) Z (m) , siiT+ 2 £ (M) A< M ) < ^e Ai(E 2 - £7 X ), j>1 

( (Ei,E 2 ) ( 2T ) d (Ei,E 2 ) 2 

(A ' n) 

If there is a subset 5 C (Td, A 2 ) but 5 n Ty Ai) = 0, then it must be the union of connected 
components of Tj^j since £j +1 < E 2 — E\ < Ej. For any connected component (E*,E**) 

of Fj^j, (3.24) implies the same estimates as (A.ll) between E~ and . So, combining 
with (A. 10), we can get (A.9). ■ 
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